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, Abstract. Given a finite sequence a := {ai,...,ajv} in a domain Q C C", and 

\l 1 complex scalars v := {vi, . . . , djv}, consider tlie classical extremal problem of finding 

the smallest uniform norm of a holomorphic function verifying fiaj) = Vj for all j. 

>We show that the modulus of the solutions to this problem must approach its least 
, upper bound along a subset of the boundary of the domain large enough to contain 

rj ■ the support of a measure whose hull contains a subset of the original a large enough 

• ' to force the same minimum norm. Furthermore, all the solutions must agree on a 

i-i^ ' variety which also contains this hull. An example is given to show that the inclusions 

j^ . can be strict. 



0. Introduction and statement of results.. 

^ ' Given a finite sequence a :— {oi, . . . ,a7v} in a domain Q C C", and complex 

lO . scalars v :— {vi, . . . , vn}, consider the classical extremal problem: 

■^ 

(N 
(N 



c^ 



X 



(1) inf {ll/lloo : ,/ e H°"{n), f{a,) =v,A<]<N} =: m. 



[■">« . It will be convenient to consider the data v as lying in H°°{Q)I la, where H°°{il) 

0^ ' is the algebra of functions holomorphic and bounded on ft, and /„ is the ideal 

^ i associated to a, 



{feH°°{n):f{a,)=0,j = l,...,N}. 



Then m = ||^||H°°(n)//aj by the definition of the quotient norm. By Montel's 
Theorem, we know that this problem always admits an extremal function /, i.e. a 
5_j ■ representative of the class v such that ||/||oo = ||''^||_fr°°(n)/7„- 

Cd I When n — I and 17 = D, it is a classical fact that / is unique, and indeed given 

by a constant multiple of a Blaschke product of degree A^ — 1. In particular, it 
is holomorphic in a neighborhood of D and of constant modulus on 9D, and the 
same properties hold when B is replaced by any bounded domain fl with smooth 
boundary in the complex plane, and in even more general one-dimensional cases 
(see [Gr], or for instance [Gm] and references therein). 
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2 ERIC AMAR AND PASCAL J. THOMAS 

Those properties cannot hold in higher dimension. Consider the simple example 
where a = (a, 0) ClD x {0} C B", the unit ball of C", with a := {ai, . . . , ajv} C D. 
Then, given any solution / G 7?°°(B") to the problem (1), the function /o G i/°°(D) 
defined by restriction (/o(C) •= /(CiO)) will be a solution to the classical extremal 
problem in the disk, therefore ||f 11// oomnw/^ > ||w||/foo([jw/^. But given any solution 
/o to the problem in the disk, the trivial extension f{z) := fo{zi) will solve the 
problem in the ball, thus ||w||/foo(Bnwj^ = I|w||h°=(d)//„ = ||/o||oo, and we have a 
solution given by a constant multiple of a Blaschke product in zi which has modulus 
||i'||H°°(B")//a on (9D X {0} and strictly less than ||w||/f-oo(Bn)/7^ elsewhere on 9B". 

Furthermore, this solution is not unique. Indeed, using for instance the fact that, 
on the unit circle, |/oP can only have critical points where /q vanishes, so that in this 
case the non- vanishing of any further derivative at that point would imply a local 
violation of the maximum principle, one sees easily that /q does not vanish anywhere 
on the circle, and thus there exists a 7 > such that |/o(C)l !i ll/olloo — 7(1 — |CP) 
for aU C G D. On the other hand, if (zi, z') G B" C C x C"-\ then \z'\^ < 1 - \z\^. 
Therefore any function of the form g(zi,z') :— /o(zi) +jh(z), where |/i(z)| < |z'P, 
will provide another solution to the problem. 

We are interested in the relationship between our extremal problem, notably the 
sequence a, and the subsets of 951 where its solutions reach their maximum modulus 
||^'lk~(n)//„■ 

Definition. 

For any function f G H°°{fl), let 

M{f) := {^edn-. hmsup |/(z)| = ||/|U}. 

It will be useful to highlight those subproblems of the original problem which 
yield the same extremal norm. 

Definition. We say that a' defines a sufficient subproblem of (1) if and only if 

M\H-^(i-l)/I^, = h\\H-^{i-l)/I^- 

We say that a problem (a, v) is minimal when it does not contain any strictly 
smaller sufficient subproblem. 

Note that this definition depends on the values v. That a' be sufficient implies 
of course that the points of a \ a' are " inactive constraints" , in the sense that 
removing them will not change the extremum we are looking for. Note however 
that the converse is not true: it is quite possible to have problems (a,u), every 
constraint {ai,Vi) of which is inactive, but of course removing them all (resp. all 
but one) would lead to a problem without constraints whose solution is 00 (resp. 
the modulus of the remaining Vj). Take for instance three points in the disk and 
values at those three points of a Mobius automorphism of the disk. Then any pair 
of points will provide a minimal sufficient subproblem. 

We denote by A{Cl) the algebra of functions holomorphic on 51 and continuous 
on fl. For any compact set K C il, the A{il)-hull is defined to be 

KA(n) ■■= {z G C" : Vf G A{n), \F{z)\ < umx\F\} . 

In the case where f2 has a neighborhood basis of Runge domains (for instance when 
il is convex), then we can replace A(J1) by C„[Z], the set of all (holomorphic) 
polynomials in n variables, and we just get the polynomial hull, denoted by K. 
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We will restrict attention to open sets where bounded holomorpliic functions are 
well approximated by functions continuous up to the boundary, in the following 
sense. 

Definition. We say that Q, has property (A) if and only if fl is a bounded domain 
and for any g G H°^'{Q), there exists a sequence {(?«} C A{fl) such that for any 
open set U, lini„^oo ||.9n||L==((7) — ||5'||l°°((7)7 and gn -^ g uniformly on compacta of 

n. ' 

This property holds in particular when il is convex and bounded (use dilations). 

Theorem 1. 

Suppose that fl has property (A). Let f G H°°{Cl), and ||/||oo — \\'>^\\H°°(n)/ia- 
There exists a sufficient subproblem (a',v\a') such that [M{f)]^,^^ D a'. 

In particular, if all the points of a are active constraints, then [M (f)]^,^-, D a, 
and in general [M (f)]^,^-^, n a 7^ 0. 

Notice that it follows from the maximum principle that, when v is not constant, 
a subsequence a' giving a sufhcient subproblem must contain at least two points. In 
the case of the example given above, M{f) D dB x {0} and [M(/)]^ D D x {0}. In 
fact there is always a single set M{fo) contained in all the M{f), for any / solution 
to the problem. 

Lemma 2. Given any a and v as above, there exists a holomorphic solution /o to 
the problem (1) such that 

M{fo) - n ^^(/) ■ 

/eH~(a):/(a)=t,,l|/l|oc = l|t.l|Hoo(n)//„ 

In the case of the example, M{fo) = dD x {0}. Theorem 1 says that M{fo) 
cannot be too small. We give some well-known consequences in the case when 

n = B". 

Corollary 3. 

(1) The set M(/o) has positive (possibly infinite) length. 

(2) The set M^fo) cannot be a peak-interpolation set. 

(3) IfMifa) C aO X {0}, then M{fo) = 9D x {0}. 

Proof. By applying an automorphism of the ball, we may assume that G [M(/o)]^n 
a. Then [Fo] and [La] show that the length of M(/o) is at least 2tt, so remains pos- 
itive after applying the inverse automorphism. 
For (ii), see [Ru]; (iii) is elementary. 

Representing measures 

Let /x be a Borcl measure on 57. We define the hull o//i, f^ C 51 by z G £^ if and 
only if there exists a measure Vz, absolutely continuous with respect to fj,, which is 
a representing measure for z, i.e. for any / G A{Cl), f{z) — J-^fdvz- 

Lemma 4. If ji is supported on the (closed) set K, that is, if pL{Q, \ K) = 0, then 

Proof. For any z € £f_i, the measure Vz given by the above definition is also sup- 
ported on K. For any / G A{n), 



1,/WI 



n 



fiOdvziO 

K 



< sup|/|||t^|| =sup|/|. 

K K 



4 ERIC AMAR AND PASCAL J. THOMAS 

With the help of the above lemma, Theorem 1 is a consequence of the following 
result. 

Theorem 5. Let /o be a solution to the extremal problem (1). There exists a' 
giving a sufficient subproblem of (a, v) and a Borel measure /i on fl, supported on 
M(/o), such that a' C £^. 

The second-named author would like to thank Makhlouf Derridj, Norman Lev- 
enberg, and Zbigniew Slodkowski for useful discussions. 

1. Proof of Theorem 5. 

The methods needed to prove Theorem 5 rely on concepts developed long ago 
by the first-named author [Ami] , and recently put to use to study Pick-Nevanlinna 
problems in several variables [Am2]. First we reduce ourselves to A{i^). When 
needed, we will write Ja ■— la H A{n). 

Lemma 6. For any finite sequence a and values v, \\v\\H°°(n)/ia = Il^l|/l(f2)/jj,- 

Proof. Take any / G H°° such that f{aj) ~ Vj, 1 < j < N and ||/||oo — 
\\v\\H°°{n)/i^- If {/n} is the sequence given by property (A), sup„ \f - /„| -^ 
as n -^ oo. Let L„ be the Lagrange polynomial interpolating the values (/ — 
fn){o-j) at the points Oj, then /„ + L„ provide representatives of the class of / (i.e. 
(/« + Ln)- f & la) and ||/„-H£„||oo ^ ll/IU, so ||w|U(o)/j„ < II«IIh~(o)/7„, and 
the reverse inequality is trivial. 

Now to avoid trivialities, suppose that w ^ 0, and let g be a representative of v in 
A{Vt). Then, by Hahn-Banach's Theorem, there exists I e (A(il)/Ja)* a continuous 
linear form such that i{v) = ||i'||A(n)/,/aj and ||^|| = 1; equivalently, we may consider 
that e € A{n)\ i\i^ = 0, i{g) = \\v\\Ain)/j^, and ||^|| = 1. 

Since A{il) can be considered as a subspace of C{dft), there is a measure i/ on 
do, which represents £, with ||i^|| = 1. Write diy = 9d^i, where /i is a probability 
measure and \9\ — 1 ii-a.e. 

Proposition 7. Let /o G _ff°°(fi) be a solution of the problem (1), and m — 
\\v\\H°°(i').)/ia ~ \\^\\A(n)IJa- Then there exists F* G L°°{p) (defined ^-almost every- 
where), such that \F*\ = m, ^-almost everywhere, and {Q G dO. : |-F*(C)| = "^} C 
M{fo). 

Notice that we do not prove that F* represents the boundary values of /o. 

Proof. Take a sequence Fn := fn + Ln as in the proof of Lemma 6. By weak* com- 
pactness of the unit ball of L°°{dil), {Fn} admits a subsequence which converges 
weakly to some F* E L°°{dil), 11-^*1100 < "t-- Furthermore, 

/ F*ddfi = lim / Fr,ddfi ^ lim ^(i^„) = e{g) = m , 

J n — *oo J n — ►oo 

so we must have F*{()9{() ~ m for /x-a.e. C. This proves the first assertion about 

F* , and reduces the second one to proving that /x is supported on the (closed) set 

M{f). 

Let C e 50 \ M(/) and V' e C{dn, [0, 1]) such that supp^A C B{C,r) n 90 C 

50 \ M(/), -0 = 1 on B(C,r/2). Then by definition of M(/), there exists e > 

such that 

_ max \f\<m — 2e; 
s(c,r)nao 
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for n large enough, by property (A), max-g-^, r)ndn 1^"! < JTi — £, so 



thus 



ipFnOdfl 



tl:F*edii 



< {m -- e) / tpdfi, 



< (to — e) / ^pdfx 



which imphes J ipd^j, = 0, thus fi{B{C,, r/2)) = 0, q.e.d. 

A representation of H^{fJ.) 

Let H^ifi) be the closure in L^{fx) of A{n). Let b e Q. Then Jb C H^i^i); let 
Cb e Jjj- d H^ifJ-)- Observe that dim J^ < 1. 

For aU / e A{Q), (/, Cb) — f{b){!^, et). So either J;, is dense in i?^(/x) and Cb — 0, 
or if we can find some Cb ^ 0, kb '■— {^^&b)^~^&b is a reproducing kernel for the 
point h. This proves the following. 

Lemma 8. // J^ ^ {0}, then b e £^. 

Definition. For any f € A{fl), we let 7r^(/) be the (antilinear) map from H^{^) 
to itself given by 

{7r^^{f)h,k):^{h,fk) 

for any h, k ^ H^{^). 

Lemma 9. (see [Am2]j. 

TT^ is an antilinear representation of A{Q) and ||7r^(/)|| < ||/||oo- 
IfebeJb^,7r'^{f){eb)^meb- 

Now for s C 17 let Eg :— span{e(,,eb e Jjj-,b E s} = J^, and n^ denote the 
restriction of tt'* to Eg. The above definitions could be made for any measure /i, 
but here we will be using the fact that the construction of fi depended on a solution 
of the problem (1). 

Proposition 10. 

For any g G A{fl) representing the given values v G A{Q)/Ja, |K^(,9)|1 = 
ll.9lU(o)/,/„ = \\9\\A{n)/j^,, where a' := |aj e a : J^^ ^ {0}|. 

Proof. 

Observe first, to avoid trivialities, that a' cannot be empty, otherwise Ea would 
be reduced to {0}, and la would be dense in H°°, which is impossible when v ^ 0, 
because then we'd have solutions of the problem (1) with arbitrarily small norm. 

By the definition of a', Ea = Ea', thus tt^ = tt^, . Applying this to the same 
function g, we get the same operator norms, so it will be enough to prove the first 
equality to complete the proof. 

Let / be any function in j4(0), /i G Ja. Since the map only depends on the 
values of / on a, 7r^(/ + h) = <(/). Thus 

ll<(/)llop = \Kif + h)\\op < Ik^Cf + h)\ip < 11/ + h\u 

and passing to the infimum we get ||7r^(/)||op < ||./IU(o)/j„- So ||7r^(.9)|lop < m. 
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Conversely, given g^ take F* as in Proposition 7. Again denote m = \\v\\a((-)_\ij^. 
Then, since F* is obtained as a limit of holomorphic functions, F* e H°°{ii) C 
iJ^(^), and ||F||//2(^-) = m (because its modulus is constant ^-a.e.). 

For any h <E Ja, 

{h, F*) ^ hF*d^ = / hmedv ^ m \ hdv ^ mi{h) = 0, 



by definition of i. Thus F* e J^ ^ Fa- 
We can then test TT^{g) on F*: 

«(5)(F*),^) = {F*,g)=mi{i)^m\ 

This proves the required inequality. 

End of Proof of Theorem 5. By Proposition f 0, the subproblem defined by a' is 
sufficient. Proposition 7 shows that the measure ^ defined after Lemma 6 is sup- 
ported on {C : |i^*(C)| ~ TT^} C M(/o). And by Lemma 8, the a' we have obtained 
is included in £^ . 

2. Questions of uniqueness. 

Definition. 

The uniqueness variety for the problem (1) is defined by 

U{a, v) := {z e B" : V/, g solving (1) , (/ - g){z) = 0} . 
Clearly, lA{a, v) is an analytic variety containing a. 
Proposition 11. Whenever fi is chosen as in Theorem 5, 5^ C U{a,v). 

Proof. 

We reuse the notations of Lemma 6 and Proposition 7. Suppose /o and /o are 
distinct solutions to the problem (1). Take two sequences of functions in A{n), 
{fn} (resp. {/n}) converging uniformly on compacta of Q to /o (resp. /o) and in 
L°°(/x) to F* (resp. F*). The proof of Proposition 7 shows that in fact F* — F* 
/^-a.e. 

Suppose b (z Sfj,. Then, denoting by Vf, a representing measure for b that is 
absolutely continuous with respect to fx, 

/o(6)-/o(6)- lim f (fn{0~.fn{0)dMO^O 

by the dominated convergence theorem. 

Examples. 

In the case of the example given in the introduction, U{a,v) = D x {0} C B^; 
we shall sec presently that there are some cases when U{a,v) = Q, that is to say, 
the solution to the problem (1) is unique. 

Theorem 12. 

For Q, — B^, there exists a :~ {ai, . . . ,04} and v such that Ad{fi^) is a 2-real- 
dimensional torus in dM'^ , and the solution to the problem (1) is unique. 

The above theorem will reduce to a result about extension of inner functions from 
an analytic disk embedded into the ball B^. First we need a simple one- variable 
lemma. 



FINITE INTERPOLATION WITH MINIMUM UNIFORM NORM IN C" 7 

Lemma 13. 

Let a := {ai, . . . ,aAr} he distinct points in IS and -Bjv-i o, Blaschke product of 
degree exactly equal to N — 1. Let Vj := Bpf-i(aj), 1 < j < N. Then Bat-i is the 
unique solution to the extremal problem (1). 

Proof. 

It will be enough to show that ||'y|!_fr°o(D)//a = 1- The proof will proceed by 
induction. For iV = 1, -Ba^-i is a unimodular constant and the property is obvious. 
Suppose it is true for N , and consider a := {ai, . . . , cat, ajv+i}- 

For any a S B, denote by ^pa the involutive automorphism of D which exchanges 
Oanda. Suppose/ G H°^{W), f{a) = w, and ||/||oo < 1- Let .g = VBM{aN)° f °^a„- 
We have .9(0) = 0, so .9(C) = CHC), with \\h\\^ = ||g||oo < 1. 

Set a'^ ■- Lpa^{aj), v'^ :== ^BM{aM){BN{aj)), 1 < j < N + 1. We have v'^ ^ B{a'^), 

1 < j < iV+1, where i? := ifBM(aN)°BN°far,- This implies that 5(0 ^CBn-i{C), 
where Bm~i is a Blaschke product of degree iV — 1 exactly. 

Now letting v'- :— v'j/a'j, 1 < j < N, we have v'J ~ BN-i{a'j) and 

\\v"\\h-=^{0)/I^, < ||/i||oo < 1, 

a contradiction with the inductive hypothesis. 

From now on we are considering the disk embedded in the unit ball B^ of C^ 
given by ip{B) = {ip{C) : C e E'} where ^(C) := 75(0 C^)- Observe that (^(D) = 
{(zi,Z2)eB" ■.Z2^V2zf}. 

Lemma 14. Suppose that g G H(D) is an inner function (i.e. 13(6*^)1 ~ 1 for all 
G Kj, analytic in a neighborhood of the closed unit disk, such that there exists 
g G H°^{M^) with g{(p{0) = 5(C) for all C ^ V) and \\g\\oo = ||.9||oo = 1. Then 
g'{0) — 0, and if we write g(C) = (h{(), there exists H holomorphic in B^ such that 

/2 
g(zi, Z2) = g{V2zi) + (Z2 - V2zl) — h{V2zi) + (Z2 - V2zlfH{zi,Z2) . 

Proof. 

Step 1: Claim 

For any differentiable function / on the ball, set 

Then for any C G ©, Lg{ip{C)) = 0. 

This is to be compared with [Ru, Theorem 11.4.7]. 

If g was assumed to be smooth in a neighborhood of B^, it would be enough to 
notice that for each z G '^{dO) C 9B^, i is a derivation along the complex tangent 
line to 9B^ at z. Since |g| is maximal on (p(91D)) with respect to (9B^, its derivative 
Lg should vanish there. The slightly more intricate argument that follows merely 
extends this to the case where ||g||oo — 1- 

Notice first that since g is smooth across the unit circle, its derivative is bounded 
in a neighborhood of it and we have ci > such that 1 — |(7(C)P < Ci(l — |Cp) for 
all C G D. Now consider the complex line C passing through the point <p(Co) and 
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parallel to the vector (1, —Co)- Since when |Co| ~ 1 this is the complex tangent to 
&&■ at (/3(Co), there exists a C2 > such that the disk of center <y5(Co), of radius 
€2(1 — ICoP)^^^ along the line £ is contained in B^. Then the function 

/(C) :- .9 (^(Co) + C2(l - |Con^/'C(l, -Co)) 

is bounded by 1 in modulus on the unit disk, and Schwarz-Pick's Lemma (see [Gr, 
Chap. I, Lemma 1.2]) shows that 

|/'(0)| < 1 - |/(0)p ^ 1 - |.g(^(Co))P - 1 - |.g(Co)P < ci(l - ICoH , 

and since /'(O) = C2(l - |CoP)^/^-^5(</5(Co)) (notice that along (^(D), Zl^/2 = C), we 
have |Lg((p(Co))| < C(l — |CoP)^^^- Now Lg{(p{()) is a holomorphic function on D, 
so it must be identically zero, which proves the Claim. 

Step 2. 

Consider the change of variables 

( wi ^ zi ^ j zi^wi I 

I W2 = Z2 - V^zf J I Z2 = W2 + V^wf J 

If we set gi{wi,W2) ■— .9(2:1,22), we then have Ligi{wi,0) ~ 0, where Ligi{w) = 
{£-Ji-3V2w,£-J,)iw). 

Since gi{wi,0) = g{V^wi), we have g|pgi(wi,0) = V2g'{^/2wi), and the above 
partial differential equation becomes 

which can be solved if and only if ^'(C) ~ C^(C)- We then have -^j-gi{wi,0) = 
^h{V2wi), and this provides the expansion of order 1 of gi near {w2 = 0}, so 

/2 
5i(wi,W2) ^ g{V2wi) + W2 — h{V2wi) + W2i?i(wi, W2) , 

for some H holomorphic on the image of B^ under the change of variables. Going 
back to the (zi, Z2) variables, we get the Lemma. 

We now make a small aside to look into the problem of extending a family of 
simple functions (the monomials C'^) from the analytic disk (p(IJ)) to B^ with the 
smallest possible H°° norm. 

Lemma 15. 

(i) For any g G 7Y(B^) such that g(ip(()) = (, \\g\\oo > v^, and this bound is 
attained by g{zi, Z2) — \2zi. 

(ii) For any k ^ 1, there exists c/k G 7Y(B^) such that gki'fiiC)) — C (^iT-d ||gfc||oo = 
1. 

In particular, one can take g2{zi, Z2) = 3 (-^i + V^Z2), 53(21, Z2) — 2ziZ2- 

Remark. 
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Wc know that the only analytic disks in the ball that allow the uniform norm- 
preserving extension of any bounded holomorphic function are the affine embed- 
dings of D [St], [Su]; this is to be compared with Lempert's result that the only 
disks which admit a holomorphic retraction are geodesic disks for the Kobayashi 
distance, i.e. in this instance affine disks once again [Lei], [Le2]. For our disk (/?(B), 
the above Lemma gives explicit examples of the functions which do or don't admit 
norm-preserving extensions. 

Proof. 

(i) Since .g(^, ^) = C, -^-£^9(0,0) = 1- Applying Schwarz's Lemma, we get 
sup^^jj,g{z,0) > v2, whence the result. 

(ii) When g{C) = C^ ff'(C) = 2C, HC) = 2, and setting H = 0, wc find ga. 
Checking the norm inequality for (zi, Z2) E 9B^ is elementary. 

In the same way, or by inspection, we find ^3. Given any integer fc > 2, we can 
find two non negative integers a, b such that k = 2a + 3b. We then set gk = gfSs- 

The next result will essentially complete the proof of Theorem 12. 

Lemma 16. 

The function g^ in Lemma I4 is the only g G H°^"{M'^) such that g{^{C)) — C^ 
and \\g\\oc = 1- 

Proof. 

Let us first consider the simpler case where g is holomorphic in a neighborhood 
of the closed ball. Then so is H (the function obtained in Lemma 14). 

For any ly g]0, 27r[, consider the map from the disk to the ball given by "01^(0 •— 
(^,e*'^-^). Then, applying Lemma 14, 

-giMe'")) = e^'e'^' + ^e"'" {e'" - lfH{Me'')) ■ 

A winding number argument then shows that H must vanish at some point along 
the curve ifi,y{dIS>). We will show that in fact H is identically zero. 
Now remove the additional assumption; 



-giMO) - e-C' 



^Cie'-^-lfHiMC)) 



Set /(C) = 5C(e'"' - l)2i?(-0i.(C))- This fimction can only be constant ii H = 0. 
Suppose this is not the case. 

We claim that for any r e]0, 1[, there exists 9r e]0, 27r[ such that /(re*^'') > 0. 
Indeed, there exists S > such that this is true for all r S]0, (5[, by the Open 
Mapping Theorem, since /(O) = 0. Let ro be the largest number such that the 
conclusion of the claim holds for all r G]0,ro[. If ro < 1, since the winding number 
of the curve /(re*^) around is positive for r small enough and can only change 
for a value of r at which the curve goes through 0, there must he < ri < tq such 
that /(rie*^''i) = 0. Then there is r2 €]0,ri[ such that /(r2e*^''2) is maximal (we 
use the compactness of f[D{0,ri)]). But this violates the Open Mapping Theorem 
in a neighborhood of the point r2e*^''2 . 
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By the same argument, we can see that the function which to r associates the 
largest possible value /(re'"'') cannot have a local maximum, and that (with a slight 
abuse of notation) limsup^_^]^- /(re*^'') > 0. This yields 

limsup \g{iJu{re'''''))\ > limsupr^ [l + fire'"-)] > 1, 

r — >1~ r — ►l^ 

a contradiction. Thus we must have H = 0, q.e.d. 

End of Proof of Theorem 12. 

Pick aj :— 'p{C,j) where Ci, . . . , ^4 are distinct points in the unit disk, and Vj :— C,^. 
By Lemma 12, any solution to the problem (1) must be equal to C,'^ at the point 
(/3(C), for any C G B, and ||w|| jLfoo(-B2-,//^ > 1. By Lemma 15, ||w||^oo(-b2')/7^ = 1, and 
by Lemma 16, the solution to the problem is unique and assumes its maximum 
modulus on the set {\zi\ — \z2\ = -75}- 

This example shows that the inclusions proved in Theorem 1 and Proposition 1 1 

can be strict. Here fo{z) = 2ziZ2, U{a,v) = B^, and M{fo) = {\zi\ = \z2\ = -7^}, 

soM(/or = {|zi|<^,|z2|<^}. 

On the other hand, since /o G A(B^) already, we have F* — /oIob^- It is 
elementary to see that the form i can be represented by integration against a 
function along the boundary of the embedded disk (p(^), so we may take fi = 
ipt,{-^d9), and E^ = (p{Ji). So we have the strict inclusions that we had announced. 
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